Notes on Representation of 2-groups
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Section 1. Preliminary notions

1. Preliminary notions

1.1. 2-categories

Definition 1.1.1 (Strict 2-category)

A (strict) 2-category is a Cat-enriched category, that is, a category € such that, for each
two objects X, Y € €, C(X,Y) is a category, such that the composition o: C(X,Y) x
C(Y,Z)— C(X,Z) is a functor.

Definition 1.1.2 (Strict 2-functor)

A (strict) 2-functor between two 2-categories € and 2 is a functor from € to 2D seen as 1-
categories, with an additional structure: for each two objects X, Y € €, Fy y : €(X,Y) —
D(F(X),F(Y)) is a functor and such that the following diagram commutes

Fyy xF g
CX,)Y)xCY,Z) — D(F(X),F(Y)) x D(F(Y),F(Z))

FX,Z
e(X,Z) » D(F(X),F(2))

1.2. Categories of internal categories

Definition 1.2.1 (Internal category)

Let € be a category. An internal category in C is the datum of two objects ¢, and C; in
C, as well as two morphisms s,t : C; = C,, named source and target.

Furthermore, there is an application 1 : C; — C] making the following diagram commute

G

ide, ide,
C, ¢ C, > Gy

as well as an application ¢ : ¢} X €} — €} making the following diagram commute
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v

such that the two following diagrams commute

Go

<3, 1d01> <1dcl y t)
C, — Gy x () C, — (] x (G,
1xC C; x1
idg, C) x¢, Gy idg, C) x¢, Gy
o o
Gy G

as well as the following one

Cy X¢, ©
_
Cy x¢, €y X, Cy Cy X¢g, Gy

o X €y o

Cy x¢, G > C)

Definition 1.2.2 (Internal functor)

Given two internal categories C' and D in €, an internal functor F from C to D is the

datum of a morphism
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F :Cy— D,
as well as a morphism
E :C, — D,

making the following diagrams commute

F Fy kK
s S 1 1 t t
Fy F Fy
Go > D G » Dy Go > D
F, xF,

Cl XCO Cl _—> Dl XDO Dl

B

For two internal functors F': C' — D and G : D — E, there exists a functor
GoF:C— FE
such that o is associative.

For any internal category C of €, there exists an internal functor id, : C — C, that is an
identity with respect to o.

Definition 1.2.3 (Internal natural transformation)

Given two internal categories C' and D of €, and two internal functors F,G :C — D,
we call and internal transformation from F to G a morphism « : G, — D, such that the
following diagrams commute

(67 (07
CO Dl C’O Dl

Dy Dy

as well as the naturality diagram
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<Cla t)
(37 Cl> F xa
ax Gy o
<+ o db
D, xp, Dy > D,

The class of internal categories of ¢, with internal functors as morphisms and internal
natural transformations as 2-cells, forms a 2-category, noted Cate.

2. Representation of 2-groups
Let K be a fixed field for the rest of the section.

2.1. Representation of a group
Let G be a group.

Definition 2.1.1 (Representation of G)

A representation of G is a K-linear space V, with a linear action G © V.

Given two representations V' and W of G, a morphism of representations V' — W is a
linear map f: V — W such that, for every g € G, and v € V, we have

flg-v)=g- f(v)

Exercise 2.1

Prove that representations of G forms a category Repg

Exercise 2.2

Show that
Rep =~ [G, Vectg]

where [G, Vectg] is the category of functors from G seen as a category, and Vecty is the
category of linear spaces with linear maps as morphisms.
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2.2. 2-group

Definition 2.2.1 (2-group)

A 2-group is a 2-category, with exactly one object, where every 1-cell and 2-cell are
isomorphisms.

Definition 2.2.2 (2-representation)

Let G be a 2-group. A 2-representation of G is a 2-functor

g — CatVect]K

Theorem 2.2.3

A 2-group G is exactly the data of a group G, a group H with a morphism ¢ : H — G, as
well as an action G © H such that, for all g € G and h € G,

t(g-h) = gt(h)g~!
and for h,h’ € H, we have
(t(h) - B')h = I

with §; =G and G, = H X G.

Proof. Suppose we have a group H with a morphism t: H — G, and an action G © H. Let
us consider the 2-group § upon G, with 2-cells defined by G(g,9") = {h € H | t(h)g = g'}. The
identity at g € G is given by (1g,9). Let (h,g9):g=¢" and (h',g"): ¢ = g”. The vertical
composition is given by

h'oh=hh:g=g”

Indeed,

Let h: g, = g, and b’ : g] = g5. Their horizontal composition is given by
h*h" =h(g, - h')
Indeed,
t(h(gy - B'))gr91 = t(h)t(g1 - )10
= t(h)g1t(h")g1" 9191
= (t(h)g,)(t(h")g1)
= 9295

Let us now check functoriality, that is, in the following situation
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We have
(hg * hy) o (hy * hi) = (hg * hy)(hy * 1)
= hy(92 - h3)hi(gy - h1)
= hy(t(h1)gy - h3)hy(gy - BY)
= hy(t(hy) - g1 - h3)hy (g1 - h1)
= hyhy (g1 - h3)(91 - h1)
= hyhy (g - (h3RY))
= (hghy) * (hyh)
= (hg o hy) * (hy o hy)
Conversely, suppose we have a 2-group G. Let us define G be the group of 1-cells of G. Let H

be the group of 2-cells of the form G(1,g) for some g. Let us show that this is a group, for the
multiplication given by, for a: 1= gand f:1= ¢,

a-Bi=(ao(Bxg1))*xg :1=gg

B ﬂ g

N
7

*
a“
g

It has a neutral id; : 1 = 1, indeed, for o : 1 = g, we have

m 1 1
>k

> Yok T ok T %
el
\/ ;
g

and similarly,
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1 1
/ﬂﬂ\/ gt g /ﬂﬂ\/
* >k >k > k. = x — %
g g
@, “
1
and the inverse of a: 1 = ¢, is ! * g~ *. Indeed,
1 1
1
and
g 1
[\ -1 -1 /\
a g g g :
* >k > % > % s % — id, *
1 U
«
1

= graxg!

We have

(9192) - @ = (g192) * % (9192)_1

=gr*gakaxgy xgy
=91 (92" @)
hence it is an action. Let’s now show that it is a group morphism: let g€ G, a: 1 =g, and §:

1= g,. We have

g-(a-B)=g'xgyx(aeo(Bxgy')) *g
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*
~
*

~
*

91
1
1 /_\ 1, 1, 1
g 8] g (97" 929) 91929
= > ok >k >k >k >k
92
g-a“
9919
=(g-a)-(g-8)
Finally, there is a morphism
t: H— G
(a:1=g)r—g
Let’s check that, for h,h’ € H, we have
(t(h) - ') = hh/
1
(t(h)-h')h = /hﬂ\/ t(h)~t t(h)
* >k >k >k
t(h)
ony | TR ()
t(h")
* >k
1
/hﬂ\ 1 t(h)™ t(h)
= x > % > % > % >k
NG
t(h")
1
2T
= x >k >k
SN
t(h')
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1
= *\\hU* t(h’) > %
t(h)
1
L /hﬂ\ ()7
_ * 7% t(h/) 7% 7% 7k
|
t(h)
1

ﬂ\ t(n')" t(n')

*
~
*
~
*
~
*

2.3. 2-representation of a 2-group

2.3.1. From the groupoid perspective
Let G be a fixed 2-group, and F': G — Caty,, be a 2-representation. This is the data of an
internal category V :=V, XV} in Vectg, such that, for every g € G;, there is a functor

g-—: V=V

that is, linear maps g - —: V5 = V; and g -; —: V; = V] such that the following equations hold

g1,=1, for every v € 1
s(9-1 ) =9g-05(f) for every f eV,
t(g-1.f) = g-0t(f) for every f eV,

g1 (f'of)=(g-11")o (g1 f) for every f, f* € V} such that i(f") = s(f)

The 1-functoriality of F' expresses exactly that g © Vj; and g © V;, that is, the following equations
hold:

€gU=" for v €'V
eqnf=1Ff for feV
(99") ov=9- (9 xv) forvel
(99') 1 f=9g1(g 1 f)for feW
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Let’s now look at the 2-functoriality part of F. For g,¢9’ € G elements of G, and a: g = ¢  a
2-cell. We have that

_:g.l_:>g/.1_

is an internal natural transformation, that is, a linear map a - —: V; = V] such that
s(a-v)=g- v forve
tla-v)=¢ -gv forve

(a-t(f))o(g-1f) = (9" 1 [)o(a-s(f)) for every f €V,
The 2-functoriality implies that, for every a: g = ¢’ and g : ¢’ = ¢”, for v € Vj, we have
(Bea)-v=(8-v)o(a-v)
and, for g € G,
id, -v=1,
Furthermore, for a : g; = g, and 8 : g] = g5, we have
(Bra) v=_(g31a-v)o(B-g10V)
=(B-g20v)0 (9112 v)
The last equality stems from naturality of - —.

2.3.2. From the crossed module perspective
Let us now consider the case of a 2-group presented as a group action G © H with a morphism
t: H — G satisfying

t(h) - W = hi h!
t(g-h) = gt(h)g™!

A 2-representation is the data of an internal category V : =V, =X V) in Vecty such that, for

every g € G, there is a functor g- —: V' — V, that is, linear maps g-c —: V; = Vj and g -; —
Vi, — V| making the following equations hold:
g1,=1, for every v € 1
s(g-1f) =90 s(f) for every f € V|
(g1 f) =g tf) for every f € V{

g (ffof)y=(g-1f)o (g f) for every f, f" € V] such that t(f) = s(f’)

The 1-functoriality of F' expresses exactly that G © V; and G © V}, that is, the following
equations hold:

e gU="0 for v € 1
e f=f for f € V4
(99) ov=g+ (g v) forvel]
(99)1f=91(9 1 f)for feV
Let’s now look at the 2-functoriality of F'. For every g € G and h € H, we have a linear map

h-,—: Vg — V] satisfying the following equations

— 10 —
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s(h-gv) =gV
t(h-,v) =t(h)g-gv
(h-gt(f)) o (g1 f) = (t(h)g-1 f)o(h-ys(f)) (naturality)
Furthermore, for h,h’ € H and g € G, and v € 1}, we have

1H‘g'U:1,U

(h/h) ‘g v = h/ “t(h)g h ‘g v
Finally, for h,h’ € H and g,¢9" € G, and v € Vjj, we have

h(g W) gy v=(t(h)gy (W g v))o(hy(g ov) (1)
= (g (t(h)g g v)) o (g1 (B -y v)) (2)

(the last equality holds by naturality of A" - g —). Consider the group morphism

t:HxG— G
(h,g) = t(h)g

which is, indeed, a morphism:

The equation (1) is exactly the commutativity of the following diagram

— 11 —
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Representation of 2-groups

(HxG)x (HxG) xV

(t, H < G) x (HxG, ) X Ay,

~

Gx(HxG)x (HXG)xGxV,xV

~

Gx(HxG)xVyx (HxG)xGxV

Gx— —x(HxG)x—"-.y—

N

GxVx(HxG)xV

_.1_X_._

~+ S

» (HxG) x

Vi xy W

and the equation (2) is exactly the commutativity of the following diagram

i._x‘/(')

(HxG)x (HxG) xV,

(g, (HxG)) x (t,(HxG)) x Ay

-

Gx(HxG)xGx (HxG)xV, x

N

(HxG)xGExVyxGx (HxG)xV

(HxG) X —g—xGx—-—

N

(HxG)xVyxGxVY

» (HxG) x 1
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