Notes on Grothendieck Fibrations
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1. Introduction

1.1. Preliminary definitions
In this section, we have two categories B and &, and a functor p: £ — B.

Definition 1.1.1 (Refinement): Let R : & and X : B. We say that R refines X, or R C X, if
X =p(R)

We note R —= X to mean R C X, and we say that the following diagram commutes

(6
S — R

if f=p(a).

Definition 1.1.2 (Cartesian morphism): Let R,S : £. A morphism « : S — R is cartesian if,
forany S” : £, @’ : S" = R, and f: p(S’) — p(S) such that the following diagram commutes

p(a’)
p(S8") — p(R)

p(a)

p(S5)
There exists a unique f : 8" — S such that f = p( f ), and such that the following diagram

commutes

S — R

s

N b



Definition 1.1.3 (Fibration): p is said to be a fibration if, for any
R

f

X —Y
there exists a cartesion morphism « making the following commute

(6
S — R

f

X —— Y

Definition 1.1.4 (Category of fibrations): For a base category B, define Fiby as the
category of fibrations over B, that is, whose objects are pairs (&, p) with £ a category and p :
& — B a fibration.

Given two fibrations p, : & — B over B for ¢ = 1,2, a morphism of fibrations between p; and
Dy is a functor F' : & — &, making the following diagram commute

F

P1 P2

i
B — B

and which preserves cartesianity of morphisms.



Definition 1.1.5 (Category of pseudofunctors): For a given base category B, define Pfct
as the category whose elements are contravariant pseudo-functors P : B°° — Cat in Cat,
that is,

o for each object X : B, a category Px;

o for each morphism f: X — Y in B, a functor %; : B — Px;

o for each object X : B, a natural isomorphism

'iX . de — id‘?X

called the pseudo unit of P at X;
e for each morphisms f: X - Y and g: Y — Z in B, a natural isomorphism

Crg:Pps =P,

called the pseudo composition law of P at f and g.

We additionally require the following coherence conditions: for f: X — Y, the following
diagram commutes

cfu idY
Ty T B S,
lde

Cidx, f Tyety

P

o —_—
ay © P Py

iX ] .?f
Furthermore, for f: W — X, g: X - Y and h: Y — Z, the following diagram commutes

Cf,hog
?hogof - ‘,Pf °5Dh°g

Cyof,h Procon

Cfvg o ?h
Foogodh = Fpe e g
Given two pseudofunctors 2 and P’, a morphism v : P — P’ is a pseudonatural
transformation between P and P’, that is, for each point X : B, a functor vy : Py — Py and,

for each morphism f: X — Y in 3B, a natural isomorphism

Vy
/7
B —— K

14
f /
Py Py

Vx
Py —— P

satisfying the following coherence conditions:



o for X : B, the following pasting is vy

that is,

(vx eix)ovg, o (ix' evy) =id,

o« if f: X =Y and g:Y — Z are two morphisms in B, v, is obtained by pasting the
squares (plus pseudo-composition)

Vg
Py ———— %

14
9 7
7
~ l/y ~ Cf,g ,
\ /7
‘?gof — TY ’ Y ‘?g"f
14
)
P
<+ Vx 4

Py — Py
that is,
Vgor = (VXOC;,:L?) ° (Vf°‘(€1) ° (‘?floyg) ° (C;‘,g"VZ)

1.2. Main theorem

We aim at proving the

Theorem 1.2.1 (Main theorem): For a given base category B, we have
Fibg =~ Pfct g
In order to do so, we will build in Section 2 half of the equivalence, namely,
¢ : Fiby — Pfcty
and, in Section 3, the other half of the equivalence, namely,
U : Pfct; — Fibg

In Section 4, we will show that the two form the two halves of an equivalence, finishing the
proof.



2. Fiber functor
Let’s build

& : Fib, — Pfct,,

2.1. Action of ® on objects

Assume we have a fibration p.

2.1.1. Definition of the fibre pseudo-functor
Let us build p~! : B°° — Cat a pseudo-functor. For X : B,
pxl ={R:€|RC X}
px'(8,R) ={a:S = R|pla) =idx}
Let X, Y :Band f: X — Y. Let’s define p;l : py' — px’ by noticing that, for each R : py?,

by the fibration condition on p, there exists a cartesian morphism [f]z

[f1r

p;'(R) — R

f

X —— Y

Furthermore, for R, R’ : py' and g : R — R’, we have the following diagram

A
pil(R) ——— R

A~

X ———Y
By cartesianity of ¢p/, there exists a unique p]_cl(g) : p;l (R) — p}l(R’) st
p(p;'(9)) = idy
[f1r/ °p}1(9) =g°(flr

ie. the following diagram commutes



X —— Y

Let us indeed check that this defines a functor. For any R : py!, note that

X ———Y
idp?( R) satisfies the universal property of p;l (idg), so we have
pyt(idg) = idy1 (g)

Let now R,R',R” :py', g: R—- R and ¢’ : R’ —» R’.



X > Y

Note that p;l (") op}l(g) satisfies the universal property of p;l (9’ o g), so we have

pri(g o 9) =p;'(9") o ps'(9)

1

Let us now show that p~" indeed defines a pseudo-functor.

2.1.2. Pseudo identity law

For X : B let us first exhibit a natural isomorphism p;ﬁ( = idy. For R : py!, we have
lidx], : p;ii(R) — idx(R). This defines a natural transformation. Indeed, for R, R’ : p%' and
f: R — R’, the following diagram commutes by definition of piﬁi( f):

lidx]

Piay (R)) ——— R~

N N

Piay (R) ———— R

o ldX a
X — X

So in particular the upper square commutes



Py (R) — R

P (f) f

lidx] g,
Py (R) ————— R

hence [id ] is natural. Let’s show that each component is an isomorphism.

There is a unique morphism ¢ : R — p;i;(R) making the following diagram commute

So

[idX]R °p=1idg

Furthermore, the following diagram commutes

Pk (R)

X — X

Meaning that ¢ o [id x|, satisfies the universal property of [idy], with respect to [idx] .. But
so does the identity, so, by unicity, we have

(’0 o [ldX]R - idp;jl (R)

X

-8 —



Hence [idx], is an iso.
2.1.3. Pseudo-composition law

Lemma 2.1.3.1 (Pseudo-composition law): Let X,Y,Z: B/ and f: X Y, g:Y — Z.
There is a natural isomorphism

1

(£, 9] : v = 05t opy?

Proof: Let R :pZ', and consider the following diagram
[9° flr

Pgor(R)

X > Y > 7

The fact that [go f] is cartesian gives a unique morphism h : p;*(p, ' (R)) = p,.(R)
making the diagram commute:

[9° flr

X > Y > 7

Conversely, the cartesianity of [g]p, and then | f]pgl( R) gives b’ : p;,lf(R) — py '(R), then
[f,9lr : D3 (R) = p; ' (p, ' (R)) making the following commute



X > Y > 7

In particular, [f, g]p and h must be each other’s inverse. We have to show that this
construction is natural. Let R, R’ : p;* and h : R — R’. We want to show that the
following diagram commutes

[f; g]R
Pps(R) —— p;'(p, ' (R))
Py (h) p;t(pyt(h)
[f7 g]R’

Pgp(R) —— p;'(p, ' (R))
Note that in the following diagram

(h) P;olf (R)

p;olf(h) is the unique solution to the universal problem of living in the fiber above X
and making the top-most square commute. Hence, to prove that

[f, 9l o P () = p7 ' (pyt(R)) o [f, 9l

it suffices to show that [f, gl © P (p,"(h)) © [f, g]g also satisfies this universal
property. Each of these three morphisms lives in the fiber above X, so so does their
composition. Furthermore,

— 10 —



g flrr o [f: 957 oyt (P (W) o [f. 91k = [9lme © [Flpor(rr) o PF (P () o [f. 9] by definition of [f, g] g/

— ol o Py (W) e [flym o frgln by definition of 7 (" (1)

=holg|ge [f]pgl(R) o[f,9]r by definition of p;l(h)

=holgo flg by definition of [f, g|g
O

2.1.4. Identity /composition coherence
Let XY : Band f: X — Y We have to check that the following diagram commutes

1 [fa ldY] 1 1
pyt —————— pilopl

1dp;1

[idx, f] pyt o lidy]

Pay Py T P
[idx]eop I
Let’s show that each triangle commutes independently.

2.1.4.1. Upper triangle
Let R : py!. We have to check the commutation of the following diagram

[f> idY]R
p7 (R) ——— p;*(piat (R))

. Pyt ([idY]R)
ldp;l(R)

p; (R)

By definition of [f,idy/], the following diagram commutes

and we also have

— 11 —



X > Y

Hence, by stitching the two together, we have that the following diagram commutes

p; (R)

X ——Y

By cartesianity of [f]g, p;l ([idy] R) o [f,idy], is unique making this diagram commute; but
since so does idp}l( R)» We must have

ijl ([idY]R) o [fyidyl, = idp}l(R)

2.1.4.2. Lower triangle
Let R : py'. We have to show the commutation of the following diagram

p; (R)

[1dX7f]R

By definition of [id y, f], the following diagram commutes

- 12 —



> X > Y
but, by cartesianity of [f]g, [id X]p,l( R)° [id, f]  is unique making this diagram commute.
f

Because idp?l( r) also makes it commute, we must have

2.1.5. Composition/composition coherence
Let W, X,Y,Z : B and

f g h
w y X > Y > 7

Let R : p,', we want to show that the following diagram commutes

[fa ho g]R
il (R) > 7t (Pr,(R))

[go f,hlR p; (9, MR)
[f:9)p-1(R)
Po(prt (R)) ———— p;'(p, ' (p*(R)))

It suffices to show that [f, g];}_Lll(R) op}l([g, hlg) o [f, h o g]g satisfies the universaly property of
[g° f,h]|R, that is, the following diagram commutes

[hoge flr
Pﬁolgof(R) » R
[f,hoglr [h]r
7! (Phey(R)) ph' (R)
py* (9, hlR) 90 flpii(r)
1 [f+ 9Ly )



In the following diagram, each inner diagram commutes, hence the outermost diagram

commutes
hogo
Pk (B) beoefln
[f7 h ° g}R
R
[Alr
[f]pgl(p;jl(R)) [Q]PZI (R)
w 7 oy (pr' (R))) — p;'(pi ' (R)) " (R)
idyy [9° flpri(m)
f lf, 9];;11(3)
w X Doy (P1 ' (R)) z
idy, idy h
f g
174 X Y
idyy gef
w
which is exactly what we wanted.
We can therefore define
P(p) =p "

2.2. Action of ® on morphisms
Let p: &, — B and q: & — B be two fibrations, and F' : p — ¢ be a morphism

F
E — &

id
B —— B

We want to define v¥" : p7t — ¢71. Let X : B,
vi 1 pH(X) — ¢ H(X)
S+ F(95)
fr—= F(f)
Which is well defined because, if p(S) = X, then



and if f: S — R is in the fiber above X, then
q(F(f)) = p(f) = idx
so F(f) also lives in the fiber above X. v% is clearly functorial, because F is.
Now, let f: X - Y in B
vi(R) : ¢;*(F(R)) — F(p;'(R))
is defined by noting that we have the following commuting diagram

[f1r

p;'(R) —— R

f

X —— Y

and so, by cartesianity of F([f]g), which stems from that of [f]z because F preserves
cartesianity,

2.2.1. 1/;7 is an isomorphism

2.2.1.1. Naturality
Lemma 2.2.1.1.1: I/f is a natural transformation.

Proof: Let g : R — S be a morphism in py!.

— 15 —



[flrr) F([flr)
vE(R)
g7 (F(R)) » Fps'(R))
F(g)
a7 (F(g)) Fis)  F(p7'(9)
e F([f]z)
+ Vf(S) J
g7 (F(S)) » F(ps'(9))
¥
f f
& id &
X > X

We have to show that the upper front square commutes. This stems from the fact that
q;l(F(g)) has the universal property of living in the fiber over X, and making the left-
most square commute, so we just need to check that the same is true for

vi(8)™ e F(p;'(9)) e vf (R)

which is true because the two triangles and the right-most square commute in the above
diagram. O

2.2.1.2. Coherences
Lemma 2.2.1.2.1: v¥ is a morphism.

Proof: We have shown that, for any f, 1/115J is a natural transformation. We just have to
check that v satisfies the coherence conditions.

e Let X :B. Let R: px'. We have to check that
id, (r) = (V)Ig([idX]R» ° Ving(R) © [idx];(R)
that is,
[ldX]F(R) = F([ldX]R) ° Vﬁx(R)

which is, in diagrammatic form,

— 16 —



Gia, (F(R))

lidx]
v (R) "
F(pzt (R)) — F(R
(de ) F([idx]R) ( )

the commutation of this diagram is exactly the definition of I/igx (R).
e Let X,Y,Z : B be three objects, f: X - Y and ¢g: Y — Z be two morphisms in B.
Let R : p;*. We have to check that

Ve (R) = vE([f: %) o vf (05 (R)) o a5 (vi (R)) o [f gl e )

that is, that the following diagram commutes

4pf(F(R)) — ¢;" (¢, (F(R)))
g5 (vg (R))
vy () R)
vl (p;'(R))
v F([f,9lr) v

F(pgs(R)) —— F(p;' (05" (R)))

1/5:, s(R) is defined as the unique map in the fiber above X that makes the following
diagram commute

g7 (F(R))
. [9° flFr)
Vg (R)

F(p-L(R)) ————— F(R
02 e

Hence, we just need to show that the following diagram commutes

— 17 —



4,5 (F(R) F(R)
[F. 9o Flgo flp)
0" (¢, (F(R))) F(pyoy(R))
¢ (VI (R)) F([f,97)
vf (py ' (R))

0 (F(p (B)) ————— F(p7 (v, (R)))

Indeed, we can fill it with commuting diagrams as follows

[9° flrr)

Qg (F(R))

[ 9ler) 4, (F(R)) F(lg° flr)

F(p,4(R))
F([f]pgl(R)) .
F([f?.g]R )
F(p7 (2, (R)))
O
2.2.1.3. Iso
Lemma 2.2.1.3.1: z/f(R) is an isomorphism.
Proof: This stems from the fact that [f] g, is cartesian. O

We therefore define
®(F) =vF

3. Grothendieck construction
In this section, we will define a functor ¥ : Pfctz — Fibg.

— 18 —



3.1. Action of ¥ on objects
Let P : B°® — Cat be a pseudo-functor. Let’s build a fibration over B out of it.

Definition 3.1.1 (Total category): The total category [ 2 has

objects: pairs (X, z) with X : B and z : Py;

morphisms between two objects (A, a) and (B, b): pairs (f;, fo) with f; : A — B in B and
f2 ra— ?f (b)

identities for (X, z) : [ P: (1d X,z) )0 =idy and
(id(X,x))l rx— Ry, (z)
(id(x a:))l =iy (2)

composition, given (A4, a), (B,b), (C,c) f.’P (f1,f2) : (A,a) — (B,b) and (g4, 95) :
(B’b) — (076): (hl)h’2> - (glag2) (f17f2) by

rhi A= C=gof

» hyra— 7, s (c) by

f2 ?fl(g2) ;11411 (C)
@ = P (0) — P, (%,(0) — Fp,(©)

Lemma 3.1.1: Let f be an isomorphism in [ ?. f; and f, are invertible.

Proof: Let (fy, f5) : (A,a) — (B,b) a morphism in [P, and (g4, 9,) : (B,b) = (A, a)
such that

(f1,f2> °(g1,92) = idB,b
(91,92) ° (f1, f2) =1d g4
We have that f; o g; = idg and g, o f; = id,, so f; is invertible and f; ! = g;.

Furthermore, the following diagram commute

-1
f2 Cf17f1_1 (a)

?fl (92)
Py, () ———— 7, (7 (0))

So we have a candidate for the inverse of f,, namely,
N ' .
fa=1i4(a)o Cfl,ffl(a) o Py, (92)

because the diagram above states that f2 o fy =id,. Furthermore, the following diagram
commutes

— 19 —



P, (92) P, (eh 1, (0)

P (Pr1(@) ——— 7, (P2 (7, )

Thus the following diagram commutes (the other inner squares/triangles are coherence

conditions)
ldgyfl (b)
Py, (ip(b) Cfll,idB
7, () P P (Bay 0) ——— F,(0)
?}1 <92) '7}1 (Cff17f1 <b))
L s L

'?fl (‘(Pffl (a)> - '?fl (‘(Pffl (?fl (b)))

-1

cfl:ffl (a)_l Cfl’ffl ('(Pfl(b)>
l Py, (f2) 1
Py, (a) > o, (7, (0)) idp, )
i4(a) ia(7;, )
4 f2 4
a > P, ()

— 20 —



Definition 3.1.2 (Forgetful fibration): We can now define the forgetful fibration

(fi, f2) — fi

which is clearly functorial.

Lemma 3.1.2: The forgetful fibration is a fibration.

Proof: Let A,B: B, f: A— B and b: Pg, ie we have the following diagram:
(B,b)

We can lift f as

A * B

Hence, we just have to show that (f,idg;f@) is cartesian. Let X : B, x : X, (91,9) :
(X,z) — (B,b) and h : X — A such that g, = foh:

hlx

A — B

We have to show there is a unique h : z — B, (P (b)) with

p)

cﬁq (b)

>

%, (idz, )
?h(?f(b)) — P (%))

which is equivalent to the following diagram commuting

— 21 —



T (P (b))

>

cf,g(b)
92
¢ — %,0)

but it is obvious that there is exactly one h that makes this commute, namely,

A~

h = cf,g(b) °gs

Lemma 3.1.3: Let (f, f,) be a cartesian morphism in [ 2. f, is an isomorphism.

Proof: Let (fy, f5) : (A,a) — (B,b) be a cartesian morphism. In the previous proof, we
have established that fl,id?f () ) 1s cartesian. Hence, there exists a unique
1

isomorphism (id 4, ¢) making the following diagram commute
(A’ '?fl (b)>

(fl yidp, (b))
(id4, ¢)

“L (f17f2)

(A,a) ——— (B,b)

hence the top square of this diagram commutes

id?fl (b)

P, (b) > P (b)
® Cid g, f

L 2, (f) ] .
Py (@) ———— By, (%)) idg, o)

is(a) i (P, (b))
4 f2 4
a > ?fl (b)

the lower square commutes by naturality of i 5, and the triangle commutes by a
coherence condition. Therefore,

faeisla)ep=idp
By Lemma 3.1.1, (id 4, ¢) is an isomorphism, so ¢ is too and hence

fa=(ia(a)o )"

so f, is an isomorphism. O

— 22 —



Lemma 3.1.4: Let (f, f,) be a morphism in [ P, with f, an isomorphism. (f;, f,) is
cartesian.

Proof: Let (fy, f2) + (X,z) — (Y,y), with fy : © — P (y) an isomorphism, (gl,qg) :
(Z,z) = (Y,y) and h : Z — X such that g; = f; o h. We want to find a unique h: z —
P, (z) such that (g, 95) = (f1, f2) © (h, ﬁ), which is equivalent to the commutation of
the following diagram

9s

Ch,f, (y)

P (f2)
Pu(z) ——— B (P W)

>

Y

Since fy is an iso, it is clear that there is a unique h making the above diagram
commute.

We thus define ¥ on objects by

3.2. Action of ¥ on morphisms
Let P, P’ be two pseudo-functors, and v : P — P’ a morphism in Pfctz.

Definition 3.2.1: Let
F,: / P / Vi
(X, ) — (X, vx(2))
(fr fo) V= (frovy, () o vk (f))
That is, for (f;, f,) : (4,a) — (B,b), we have

v (fz)
vyela) —— > va(7,0))

vy, (b))~
(B, (f1, f2)),

Lemma 3.2.1: F}, is a fibration morphism

Proof: We have to show that it makes the following diagram commute

— 23 —



idg
B ———m B
and that F, preserves the cartisian morphisms.
e Let’s show the two functors agree:
» on objects: let (X, z): [P,
m(P)E(X,z)) = m(P') (X, vx(z))
X
m(P) (X, x)
» on morphisms: let (f, fy) : (A,a) = (B,b),
)

w(PVE(f1, £2) = 7 (P ((Fr 07, (0) 7 ova(fa))
= fi
- 7T(‘?))(fl7f2>

Hence the diagram commutes.

o Let (f1, fy) : (A,a) — (B,b) be a cartesian morphism in [ P. Let (g;,9,) : (C,c) =

(B,vg(b)) be a morphism in [ " and h; : C — B in B such that the following

diagram commutes

C

91
hy

fi

A— B

Let’s show that there exists a unique hy : ¢ — % (a) such that

(C0)

(hyhy) (915 92)

(4, v4(a)) > (B, vp(b))

(flanl(b)_l °VA(f2))

that is

— 24 —



g2

Chy 1, (VB(D))

~

hy H (P, (v (b))

B, (vr, ()

L walh) |
B (wala)) ——— B (va(?, 1))

By Lemma 3.1.3, f5 is an isomorphism, hence the commutation of the latter diagram
is equivalent to that of the following, for which there clearly exists a unique h,

92
c 7 -'Pg’l (vp(b))
Chy, £, (VB(D))
hy ?h/l (jjf/1 (VB<b)))
7, (v, )
N B (walfsh)) +

B (wala) ——— B (va(7, 1))

4. The equivalence

4.1. do ¥
Let P : B°® — Cat be a pseudo-functor.

— 25 —



Definition 4.1.1: Consider
H? . q(P)t — P
defined by, for X : B,
HY : m(P)¢ — Px
(X,z) —x
(idy, f) = ix(b) o f

Let (idy, f) : (X,a) — (X,b) in 7(P)%}, that is, f: a — R, (b). We have

f

H)g;(idX7 f)

Lemma 4.1.1: For X : B, HY is a functor.
Proof: Let (X,z) : n(P)%". idx , = (idx,ix' (z)), and so
H¥ (idx o) = ix(z) o ix! ()

=id

x

Furthermore, for (X, a), (X,b),(X,c) : 7(P)% and (idy, f) : (X,a) = (X,b) and
(ianf) : (X’b) - (X,C),

H)j;((idXﬂ) o (idx, f)) = H)j; (id)o ci?ii,idx(c) ° de(g) ° f)

=ix(c)o ci?i;,idx(c) °oRa (9) o f

— 26 —



the lower right triangle commutes trivially, the triangle above commutes by a
composition/identity coherence, and the square above by naturality of iy. The outer
diagram shows that

ix(c) o Cigy,iay (€) © B, (9) o f = (ix(c) o g) o (ix(b) o f)

=H§(idng) =H§(idx,f)

Lemma 4.1.2: H” is a morphism in Pfct.

Proof: Let f: X — Y in B, let’s show that there is a natural isomorphism
HY
m(P)y" r K

Ny
m(P)s! %

HY
(P —— P

Let (Y,y) : 7(P)y*, that is, y : B-. We have

[f]Y,y
(P (Y, y) — (Y,y)

f
X > Y

We can write [fly., = (f,n;(y)) with n(y) : HZ (7(P);*(Y, 1)) = Z:(y).

Let’s prove that n; is natural, and that it is an isomorphism.
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e lety,y’ : B and g:y — y'. We want to show the the following diagram commutes
ns(y)
HE (n(P)7 (Y,y) ———— ()
HY (n(P)5 (idy, 9)) 7 (HY (idy, 9))

nf(y/)
HY (n(P)7'(V,y)) ——— Py

We have that the following diagram commutes

[f]Y,y’
m(P); (¥.y) > (Y,y)
m(P);' (idy, 9)
(idYag)
[f]Y,y
m(P); (Y, y) > (Y, y)
o f o
X > Y

We can write 71‘(.'}));1 (idy, g) = (idy, h), and so the commutation of the square
implies the following commutation on the second component of the morphisms
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1 ((2)7(V.)  7)

h ?f(g)
(0 (=772 (v.07)) P (Pa, ()
Ra, () i,
+ Ci?ii,f(?/) \ /
(HX (= (71(Y.9)))) Pa, (P (y) » Pr(y) Prlix(y'))
idg,(y)
iX(?f(y/))
HE (m(P);1(Y,y)) — (y)
”If(y )

the two triangles commute by a composition/identity coherence, while the left square
is the naturality of iy. Note that the outermost diagram is exactly the one we were
looking for, showing that 7, is natural.

o (fins(y)) = [fly, is cartesian (by definition of [—]_), hence, by Lemma 3.1.3, n4(y)
is an isomorphism, showing that 7, is a natural isomorphism.

|
Lemma 4.1.3: H” is an isomorphism.
Proof: To show that H” is a pseudo-natural isomorphism, it is enough to show that
each of its components is an isomorphism. Let X : B. It is clear that both actions on
objects and on morphisms of H% are invertible. O

Lemma 4.1.4: H” is natural in 2.

Proof: Let P, P’ : B°® — Cat be two pseudo-functors, and v : ? — P’ be a pseudo-
natural transformation. We have to show that

H.’P
(Pl ———— P

H”
77(.7”*1) _— P

Hence, we have to show that the diagram commutes at each point X : B
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X
m(P)x > Px
FV
Vx Vx
HY

r(PY) ———— #

Let’s check that the functor agree on each object and morphisms:
o let z: Px.

a0 9) — g (1, (X, 2)
— Y (X, vy ()
= vx(z)
= VX(H)QE(X,x))
o let z,y: Py, and frz — By ().
VX(H)j;(ian f)) =vx(ix(y) o f)
= vx(ix(y)) e vx(f)
and
HY (v¥ (idy, f)) = HY (F,(idx, f)
= HY (id)o via, (y) e VX(fz))
=ix(vx(y))° Vidx(y)_l ovx(f)

We need to check that the following diagram commutes

vx(f)
vx(a) - > Vx(gjidx(y))
idVX(g)idX(y))
vx(f)
Vx (-’E\d,x (y)) vx(ix(y))
Vidx(y)_l
v ix(vx(y)) +
R, (vx(y)) » vx(y)

note that the lower square commutes by a coherence condition on pasting diagrams,

and the upper triangle trivially commutes.

O
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Lemma 4.1.5:

(b o \Ij = ideCt3

Proof: We have exhibited a natural isomorphism

H:®oU = idpgy,

4.2. Vo
Let p : &€ — B be a fibration.

Vo) =n(p): [pt o5

Definition 4.2.1: Consider

G, : /pl — &
(X,R)— R
(fi, f2) = [filg o /2
Let (fi,f3) 1 (X,8) = (Y,R), we have f; : X - Y and f,: S —>p]711(R)

fo [fl]R

S ———— pg/(R) — R

X > X

>.<

Lemma 4.2.1: Gp is a functor.

Proof: Let (X,R): [p'. idx g = (idx,ix' (R)). We have to show that the following
diagram commutes

Pa(R) — R
which commutes by definition of 7.
Furthermore, let (X, R), (Y, S),(Z,T): [p~*, and
(f17f2) : (XaR) —
(91392) : (Y,S) —
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Let us show that G,((g1,92) ° (f1, f2)) = G,(91,92) © G, (f1, f2), that is, that the
following diagram commutes

f2
R > pr(S)
f2 [fl]s
p7(S) S
—1
Dy, (92) 92
Pyt (pyH(T)) Py (T)
-1
[flagl]R [gl]T
Y [geo flr M
Pg.op, (T) > T
We indeed have the following diagram commutes
f2
R > 7 (S)
f2 [fl]s
v [fl]s v
p7. (S) > S
—1
pfl (92) 9o
1 [f 1]p;11(T) 4
p;} (P H(T)) ———— pH(T)
-1
[fl:gl]R [91]T
L g flr M
Pg,oz, (T) » T

as the lower square commutes by definition of [f;, g] - the middle one by definition of
p;ll (95), and the top one commutes trivially. O

Lemma 4.2.2: G, is a fibration morphism.

Proof: There are two things to check: the commutation with the fibrations, and the
preservation of cartesian morphisms. Let’s proceed in order.
1.
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™

S

m(p~t) p

B

Let’s check that the two functors agree on objects and morphisms.
o let (X,z): [p7!, ie X =p(x)
p(G,(X,2)) = p(z)
=X
=m(p)(X, z)
o let (X,2),(Y,y): [p~}, and (f1, f5) : (X,z) = (Y,y). We have

p(Gy(f1 £2)) =p(111], o fo)

=p<[f1]y> °op(fs)
= fieidx
=5
= W(pl)(f1af2)
2. Let (fy,fy): (X,S) = (Y, R) be a cartesian morphism. By Lemma 3.1.3, f, is an

isomorphism. Let h: X" — X and g : R — R such that the following diagram
commutes

R’ g
f2 [fl]R
S —— p;ll(R) — R
= h id x fi
X’ ¢ . ¢ > Y

By cartesianity of [f;],, there exists a unique h:R — p;ll (R) such that the
following diagram commutes
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8 h id f1
X’ > X . ¢ > Y

Hence, fy!o h satisfies the wanted property. Furthermore, for any h : R’ — S that
makes the following diagram commute

R/

h id fi

X’ > X X »Y

note that fy o h satisfies the same universal property as h, hence fao h= 71, and thus

which shows the unicity.

Lemma 4.2.3: G, is an isomorphism.

Proof: Let us exhibit an inverse morphism

K,:&{— /p1
e if R: &, we define
K,(R) = (p(R), R)

e if S;R: & and f: S — R is a morphism in &, by cartesianity of [p(f)]g, there exists
a unique f: S — p;(lf)(R) such that the following diagram commutes
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Let

Let us show that K, is the inverse of G, (which will entail that it is a functor), and that

it is a fibration morphism.

1. Tt is clear that K, and G, are each other’s inverse on objects. Let (f;, f3) be a

morphism in [ p~'. We have that p([f,], o fo) =p([f1l,) e p(f2) = froid = fi.
Furthermore, f, is precisely the cartesian lifting of the identity by [f;] R SO we have

K, (Gp(fl, f2)) = (f1, f2). Conversely, let f: S — R be a morphism in &. By

definition of f, we have f = [p(f)] e f, so G,(K,(f) = /.

2. We have to check that the following diagram commutes

K

p

& > [p!

p m(p™)

B

Let’s check that the two functors agree on objects and morphisms.
e Let R: &

m(p")(K,(R)) = n(p~')(p(R), R)
R

)

p(
e Let S,R: € and f: S — R a morphism in &

w(p™) (K, () = =(p7") (p(£), f)
=p(f)

Furthermore, we have to check that K, preserves cartesian morphisms. Let f be

A

cartesian. f is (the canonical) isomorphism between the domains living in the same

fiber, of two cartesian morphisms. In particular, it is an isomorphism, hence

(p(f), f) is cartesian by Lemma 3.1.4.
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Lemma 4.2.4: G, is natural in p.

Proof: Let p: £ — B and q : F — B be two fibrations, and F : p — ¢ be a morphism of
fibrations. Let’s check that the following diagram commutes

G

p
Jprt ——— ¢

Er F

v

Gq
Jo——— 7

Let’s check that the two functors agree on objects and morphisms. Let (X, R) : [p~*.
G,(Fr(X,R)) =G, (X, vF(R))

= F([fl]R) o F(f3)
:F([f1]R°f2)
= F(G,(f1, /)

O
Lemma 4.2.5:
Proof: We have exhibited the natural isomorphism
G\]:I°®:>1dFle
|

This concludes the proof of the main theorem.
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